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Abstract

This paper discussesthe problem of inserting three-dimensionalmodels into a single

image. The main focus of the paper is on the accurate recovery of the camera'sparam-

eters, so that 3D models can be inserted in the \correct" position and orientation. The

paper addressestwo issues. The �rst is an automatic extraction of the principal van-

ishing points from an image. The secondis a theoretical and an experimental analysis

of the errors. To test the concept, a system which \plan ts" virtual 3D objects in the

image was implemented. It was tested on many indoor augmented reality scenes.Our

analysis and experiments have shown that errors in the placement of the objects are

un-noticeable.

1 In tro duction

A basic problem in many augmented reality systemsis how to create new arti�cial images

given real images[Azuma, 1997]. A commonapproach is to create a new image of a scene

from several other imagesof that scenetaken from di�erent viewpoints [Chang et al., 1999,

Shadeet al., 1998]. Another approach is to insert 3D models into video sequences

[Bergeret al., 1999, Mellor, 1995, de Agapito et al., 1999, Kutulakos and Vallino, 1998]. The

approach we are pursuing in this paper is that of inserting 3D models into a single image.

Solving this problem requiressolving several sub-problems.The �rst sub-problemis how

to recover the camera'sinternal calibration parametersand position within the sceneaccu-

rately enoughso that 3D models can be inserted into the image in the \correct" position

[Hartley and Zisserman,2000, Caprile and Torre, 1990, Criminisi et al., 2000]. A standard

way to handle it, used in several augmented reality systems, is to place a known easily-

detectable3D object in the scene,and to recover the projection matrix from it

[Kato and Billinghurst, 1999, MacIntyre and Coelho, 2002, Poupyrev et al., 2002]. We will

show how to do it without adding calibration objects into the scene. The secondsub-

problem is how to recover the lighting conditions in the scene[Boivin and Gagalowicz, 2001,

Koudelka et al., 2001, Debevec, 1998, Ramamoorthi and Hanrahan, 2001]. The third sub-

problem is how to deal correctly with occlusionsof the new object with the existing objects

in the scene[Wloka and Anderson,1995].

In this paper we concentrate on the �rst sub-problem. Figure 1 illustrates the intention of

our algorithm and the results of running our systemon a typical image. The original picture

was taken by a digital camerawhoseinternal parametersand its location and orientation

in the room are unknown. We \placed" on the table arti�cial objects. The green chime
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\hanging" from the ceiling is also arti�cial. We have chosen to place objects which look

arti�cial, to distinguish them from real objects. The emphasishereis on the perfect location,

orientation and sizeof the objects in the image.

Figure 1: An augmented room

Solving the problem of placing arti�cial objects given a single image without any prior

knowledge about the sceneis impossible. We therefore chose a large class of images for

which there is prior information about the classbut not much information has to be sup-

plied with the imagein order to perform the task. This classcontains imagesof architectural

scenes[Criminisi et al., 2000,Liebowitz et al., 1999,Antone and Teller, 2001, Teller et al., 2001]

and in particular the interior of buildings. Typically, in thesesceneslines appearing in the

imagesare parallel to the three principal axes. This information can be usedto recover the

required parameters.

Still the problem is not trivial. The main question is the following. Can the unknown

parametersbe recovered accurately enoughfrom noisy measurements from one image such

that they can be usedto \plan t" 3D models in the imagein a way that they will look correct

to the viewer. In this paper we answer this question in the a�rmativ e.

Basically, the problem is how to estimate from the image the projection matrix which

transforms 3D points to points in the image. In most augmented reality systemsthis matrix

is estimated from the correspondencebetweenknown 3D points and points detected in the
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image [MacIntyre and Coelho, 2002]. Estimating this projection matrix from lines parallel

to the principal axeswas studied in [Hartley and Zisserman,2000, Caprile and Torre, 1990,

Criminisi et al., 2000]. Usually to evaluate such algorithms, the accuracy of the recovered

projection matrix is comparedto the ground-truth[MacIntyre and Coelho, 2002]. However,

in our application the most important question is whether the results are accurate enough

so that a human viewer will not detect di�erences between a real object and its 3D model

inserted into the scene.We thereforedirect our theoretical and experimental analysisto test

projection errors.

There are two possible ways to insert 3D models into images. The �rst option is to

reconstruct a three-dimensionalscenefrom the imagesand let the user \place" the arti�cial

objects in their locations in three dimensions. Then the augmented sceneis projected back

to imagespace.The secondoption is to choosea location in the image for the object to be

placed in. Consequentially , the errors measuringthe distancebetweenthe real location and

the calculated location in the image, di�er. We take the secondavenue and show that the

errors are small. Intuitiv ely, this is the casesincethe point wherethe object is located in the

imagehas no translation error (but might still have orientation errors). Other points on the

model may alsohave translation errors, but obviously, they would be small.

We utilize vanishing points and lines for cameracalibration, an approach which is best

suited for architectural scenes,due to the orthogonality and parallelism that exist in these

scenes.In [Faugeraset al., 1998] the problem of reconstructinga textured three dimensional

model of a static urban sceneviewed by one or several cameraswhose relative positions

are unknown, is addressed. In [Cipolla et al., 1999] the problem of recovering 3D models

from two or more uncalibrated imagesof architectural scenesis addressedand a 3D model is

recovered. In [Criminisi et al., 2000,Liebowitz et al., 1999]methodsfor creating3D graphical

models of scenesfrom one or two imagesare presented. The techniques presented are for

metric reconstructionand for correct representation of anglesand length ratios. In particular,

in [Criminisi et al., 2000], it is described how 3D a�ne measurements can be computedfrom

a singleperspective view of a scenegiven only a minimal geometricinformation which can be

determinedfrom the image.

Our work hasthreenovel aspects. First, wedescribea techniquefor automatically extract-

ing vanishing points from a given image. We show that this problem reducesto the problem

of classifyinglines in the imageinto setsassociated with the principal vanishing point.

Second,we present a new theoretical error-analysismethod. This method can be usedfor

measuringthe quality of various augmented reality algorithms. We alsocomparethe method

to the Monte-Carlo estimation technique, in order to demonstrateits quality.
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Third, we implemented a systemand tested it on many indoor scenes,planting in them

various 3D models. The models were placedon various planesin the picture { on furniture,

on the 
o or, hangingfrom the ceiling and hangingon walls. In all cases,the size,orientation

and position of the objects werehighly accurate. A systemlike this hasa potential for various

commercialapplications, for instance for furniture or householdcompanies. The client can

bring an imageof a room and the systemcan show the client suggestionsfor interior design

of the room using 3D modelsof objects from the company's stock.

The paper continuesasfollows. Section2 describesour generalapproach. Section3 focuses

on the extraction of the principal vanishing points. Error analysismethods are described in

Section4. We view this sectionasthe main theoretical contribution of the paper. The results

of testing our systemon real indoor scenesare presented in Section 5. Section 6 concludes

the paper.

2 The Approac h

This section explains the notations and describes the methods used for cameracalibration.

The goal is to �nd the parametersof the camerain order to construct a virtual camerawith

the sameparametersas the real camera. This virtual cameraprojects the virtual objects on

the real image.

A cameramaps the 3D world to the image plane. Given a point P = (X ; Y; Z ) in the

world its image p in homogeneouscoordinates is: p �= R(P � C); where �= meansequal up

to a multiplicativ e constant, C is the camera center and the orientation of the camera is

represented by the rotation matrix R. The cameracenter and the rotation matrix are the

extrinsic parametersof the image.

The internal calibration matrix K converts a normalizedpoint p to its pixel coordinates:

K =

0

B
B
@

f X 0 u0

0 f Y v0

0 0 1

1

C
C
A ;

where f X and f Y are the focal lengths in the X and Y directions respectively and (u0; v0)

is the principal point (the projection of points in direction (0; 0; 1)). Theseparametersare

known asthe intrinsic calibration parametersof the camera.We assumethat the aspect ratio

is known and thus we can solve the problem only for the casewheref = f X = f Y .
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The projection of the point P to the pixel s = (u; v; 1) in the imageis:

s �= K R(P � C) = [K Rj � K RC]

0

B
B
B
B
@

X

Y

Z

1

1

C
C
C
C
A

:

We denoteby M = [K Rj � K RC] the 4 � 3 projection matrix. Thus when we are given M

we can compute the projection of any 3D point P to the image.

Finding the parametersof the virtual camera is done in three steps: extraction of the

principal vanishing points, recovery of the projection matrix given the vanishing points, and

recovery of the external calibration parameters.Moreover, to position a virtual object in the

image, the user selectsa point in the image. The world coordinates of this point needto be

calculated. Below we elaborate on thesefour issues.

1. Extraction of principal vanishing poin ts: Given an imagecontaining lines which are

parallel in the world, theselinesmeetat a point in the imagetermed a vanishingpoint. Three

setsof lines parallel to the three principal axesare automatically extracted from the image,

and their vanishingpoints Vx = (ux ; vx ; 1), Vy = (uy; vy ; 1) and Vz = (uz; vz; 1) are computed.

We discussthis issuein the next section.

2. Recovery of the pro jection matrix: We assumethat o is the image of the origin

of the world coordinate system O. This point is selectedarbitrarily by the user (e.g. a

corner in the room) and the world coordinate system is aligned with the principal axes in

the room. The vanishing points Vx ; Vy; Vz jointly with o are the imagesof the world points

(1; 0; 0; 0); (0; 1; 0; 0); (0; 0; 1; 0) and (0; 0; 0; 1) respectively. We denote the columnsof M by

mx ; my; mz; mo. By applying M to thesefour special points we get

� 1Vx = mx ; � 2Vy = my ; � 3Vz = mz; � 4o = mo;

wherethe � i 's are unknown multiplicativ e constants.

In order to recover the unknown � i 's, recall that [mx jmy jmz] = K R. Thus (K R)(K R)T =

K RRT K T = K K T : Representing K R by the vanishing points we get

K R =

0

B
B
@

� 1ux � 2uy � 3uz

� 1vx � 2vy � 3vz

� 1 � 2 � 3

1

C
C
A =

0

B
B
@

ux uy uz

vx vy vz

1 1 1

1

C
C
A

0

B
B
@

� 1 0 0

0 � 2 0

0 0 � 3

1

C
C
A :
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Thus

(K R)(K R)T =

0

B
B
@

ux uy uz

vx vy vz

1 1 1

1

C
C
A

0

B
B
@

� 2
1 0 0

0 � 2
2 0

0 0 � 2
3

1

C
C
A

0

B
B
@

ux vx 1

uy vy 1

uz vz 1

1

C
C
A

=

0

B
B
@

f 2 + u2
0 u0v0 u0

u0v0 f 2 + v2
0 v0

u0 v0 1

1

C
C
A = K K T :

This yields six equationsin the six unknowns f ; u0; v0; � 1; � 2; � 3 which can be readily solved

yielding a unique solution.

In order to completethe recovery of the projection matrix we still have to recover the last

column mo which is equal to � 4o for an unknown value of � 4. � 4 represents the depth of the

world origin from the cameracenter in the direction of the principal ray. In order to obtain

this value we require input from the useras will be explainedin Section5.

3. Recovery of external calibration parameters: The rotation matrix R can be recov-

ered by multiplying K � 1 by K R which are both known. The location of the cameraC is

orthogonal to the three rows of M . Using this constraint C can be computedanalytically.

4. Calculating the world coordinates: Sincethe projection matrix is not invertible, it

is impossibleto recover the world coordinatesof a point from the imagecoordinateswithout

extra information. However, if we know that the world point lies on a known plane, there is a

one-to-onemapping(a homography) betweenthe point in the imageand its world coordinates.

For example,for the plane Z = z0

s �= M

0

B
B
B
B
@

X

Y

zo

1

1

C
C
C
C
A

= [mx jmy jmz jmo]

0

B
B
B
B
@

X

Y

zo

1

1

C
C
C
C
A

= [mx jmy jz0mz + mo]

0

B
B
@

X

Y

1

1

C
C
A

which enablesus to convert imagepoints known to lie on the planeZ = z0 to their 3D points.

3 Extraction of Vanishing Poin ts

The only information that has to be extracted from the imageis the set of vanishing points.

This is donein three steps.

First, straight lines are extracted from the image. An edgedetector (e.g., the Canny edge

detector [Canny, 1986]) is �rst applied to the imageto �nd its edges.Then, straight lines are
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recovered from the edgemap by �tting straight lines to sequencesof adjacent edgeelements,

whoseleast squaresmatching error is lessthan a preset threshold.

Second,the lines are classi�ed into four sets, one for each of the three principal axis

directions and the fourth for straight lines not parallel to any of the principal axes. This

processis described in Section3.2.

Finally, for a given setof linesassociated with a speci�c principal axis, the vanishingpoint

is estimated. Section3.1 describesthis calculation which is alsousedin the line classi�cation

algorithm.

3.1 Numerical Metho ds

Given a set of lines in the imagewhich are projections of parallel lines in three dimensions,

we now describe how to �nd its most probable vanishing point. In an ideal setting there is

only one intersection point that all the lines in the set are incident on. However, inaccurate

line detection leads to several intersection points in one set of projected parallel lines. We

needto �nd a point that is the closestto the accuratevanishingpoint.

Let us considera set of projected parallel lines L = f l1; � � � ; lng where l i = (ai ; bi ; ci ).

Recall that a point p = (u; v; 1) is incident on l = (a;b;c) if au + bv+ c = 0 or l � p = 0. In

order to �nd the point closestto all the lines in a least-squaressense,it is customary to solve

the least squaresproblem of [AjB ](u; v) = � C whereA; B and C are the vectorsof the ai 's,

bi 's, and ci 's respectively. This solution however, is not the approximate maximum likelihood

(AML) estimate of the vanishing point becausethe above setting is equivalent to assuming

that there is an error in the vanishingpoint and not in the lines l i . The truth however is the

opposite.

We want to �nd the point p that is the AML estimate of the vanishing point to achieve

more accuracy[Adam et al., 2001]. We call the noise-freeset of lines L and the measuredset

of lines L0. We say that a set of lines supports a point p if all the lines in the set meet at the

point p. We want to �nd a set L 00that supports a point p that is the most likely amongall

possiblesetsof lines, given the set of measuredlines L 0. In other words, we want to �nd the

point p that maximizesthe likelihood of L 00being the true set of lines, given the measured

set L0. Thus given a candidatepoint p we have to give an estimate for the probability that it

is the vanishingpoint.

Figure 2 illustrates the geometricsolution for �nding the set L 00. We assumethat q0
1 =

(x0
1; y0

1) and q0
2 = (x0

2; y0
2) are the endpoints on a line l0 in L0. We want to �nd a line l00which is

incident on p such that the squareddistancefrom q0
1 and q0

2 to that line (distancesto q00
1 and

q00
2) is minimal. In other words, let d1 and d2 be the distancesbetweenq0

1 and q00
1 , and between
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q0
2 and q00

2 . Our goal is to minimize the sum of distances(d2
1 + d2

2) from the new endpoints to

the old endpoints. The angle� betweenthe x axis and the line createdby the optimal q00
1 and

q00
2 and the distancesare:

� =
1
2

atan2(2(x0
1 � u)(y0

1 � v) + (x0
2 � u)(y0

2 � v);

(x0
1 � u)2 + (x0

2 � u)2 � (y0
1 � v)2 � (y0

2 � v)2)

d2
1 = (� sin� (x0

1 � u) + cos� (y0
1 � v))2;

d2
2 = (� sin� (x0

2 � u) + cos� (y0
2 � v))2

� = d2
1 + d2

2: (1)

Figure 2: Illustration of the likelihood function.

The line segments of L 0areindependent on each other, thereforeto maximizethe likelihood

of the set L00being the true set, the sum of distancesof all lines in L 0 = (X 0
1; Y 0

1; X 0
2; Y 0

2) needs

to be minimized. The function F to be minimized is:

F (u; v; X 0
1; Y 0

1; X 0
2; Y 0

2) =
nX

i =1

� i =

nX

i =1

f (� sin� i (x0
i1 � u) + cos� i (y0

i1 � v))2 (2)

+( � sin� i (x0
i2 � u) + cos� i (y0

i2 � v))2g:

Finding the point p = (u; v) which minimizesthis function givesthe best estimate for the

vanishingpoint we seek.To �nd p we apply a non-linear optimization method.

3.2 Line Classi�cation

Given n lines we hereby describe how to classifythem into four sets,onefor each of the three

principal axis directions and the fourth for straight lines not parallel to any of the principal

axes. Obviously, checking all the 4n possibilities is infeasible. We therefore usea variant of
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the Random SampleConsensus(RANSAC) paradigm [Fischler and Bolles, 1981] to classify

the lines. In this paradigm, a minimal number of featuresrequired to estimatethe model are

chosenat random, the model is computedand is veri�ed using the remaining features. This

processis repeateduntil a correct model is found.

In our case,the model is the three vanishing points and the featuresare three pairs of

lines. Thus, three pairs of lines are chosenat random and it is hypothesizedthat each pair of

lines is incident on a di�erent vanishing point. Under this assumptionthe three intersection

points are computed and are hypothesizedto be the principal vanishing points (obviously

due to measurement errors these lines do not intersect at the true vanishing points). The

remaining lines are assumedto passat a random distancefrom them. If the hypothesiswere

correct, many lines would have passedcloseto oneof the principal vanishingpoints.

Given an hypothesisH , our goal is to computea scores(H ) for it such that the lower the

scorethe higher the probability that the hypothesisis correct. The scores(H ) is de�ned as

the sum of scorescomputed for all the lines recovered from the image.

For each line l0
i , 1 � i � n, the values� i 1; � i 2; � i 3, asde�ned in Equation 1, arecomputed

for the three candidate vanishing points. Each value � ij is proportional to the � log of the

probability that line l0
i is incident on vanishing point j for 1 � j � 3. Line l0

i is associated

with the vanishing point having the smallestof the three values� min = min(� i 1; � i 2; � i 3).

If � min is larger than a preset threshold D we assignthe value D to this line which means

that the line is probably not incident on any of the three vanishing points and thereforewe

are indi�eren t to its actual distancesto the vanishingpoints.

This randomselectionis repeatedmany times (in practice,several thousandtimes) and the

hypothesiswith the smallestscoreis chosen.This scorerepresents the quality of the hypothesis

in two ways. First, the larger the number of lines which are associated with a vanishingpoint

(few lines got the scoreD), the better the scoreis. This feature causeshypothesesfor which

each pair of lines belongsto a di�erent vanishingpoint to get a low score.Second,amongall

correct hypotheses(i.e., each pair of linesbelongsto a di�erent principal vanishingpoint), the

hypothesischosenmoreaccuratelyestimatesthe three vanishingpoints. This results from the

properties of the AML estimatewe are using. This method (Equations 1 and 2) achievesthe

minimal sum of squareddistancesby de�nition, thus, hypotheseshaving lower scoresyield

more accurateestimates.

Figure 3 illustrates an exampleof an imageon which this procedurewasrun. Figure 3(a)

shows the results of the straight line detection process.Figure 3(b) shows the lines that have

beenclassi�ed as belongingto each of the three vanishing points (in blue, cyan and orange)

and lines which do not belongto any of them (in yellow). In this �gure the vanishing points
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are not visible. To seethem, Figure 3(c) presents a zoomedout versionof the imagein which

two of the vanishing points are visible.

(a) Resultsof the edge/line detector (b) The classi�cation results

(c) A zoomedout imageof (b) in which two of the three vanishingpoints are visible

Figure 3: Resultsof the line classi�cation algorithm: The blue, cyan and orangelines belong

to the three principal vanishingpoints and the yellow lines are unclassi�ed lines.

4 Error Estimation and Analysis

This section focuseson the accuracy of the projection of 3D virtual objects onto a single

2D image. The quality of the recovered cameracalibration determinesthe accuracyof the
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parametersof the virtual camera,usedto \tak e a picture" of the virtual objects. Two meth-

ods for estimating the errors are described: a novel analytical method and a Monte Carlo

method. Both methods computethe covariancematricesof the parameters,which give us the

distribution of the errors of the computed valuesas functions of the errors in the measured

values,thus estimating the real errors. We will show that our proposedanalytical method is

almost asaccurateas the Monte Carlo method. Sinceit is much faster, it can be the method

of choice for augmented reality algorithms.

4.1 Analytical Estimation of Covariance

We describe below an analytical method for computing the covariance matrices of several

parameters.Our objective is to estimate the dispersionof the vanishingpoints, the principal

point, the focal length, the cameralocation in the world coordinate systemand the projection

of points in the world to the image.

Let the ideal input be an N � 1 vector X , the observed perturbed input be an N � 1 vector

X̂ = X + � X , where � X is a random vector of noise. Let the correct parameterssought

be a K � 1 vector �, and the calculatedparametersbe a randomly perturbed K � 1 vector

�̂ = � + ��, where�� is a random perturbation on � inducedby the random perturbation

� X on X .

Webaseour estimateon a �rst orderapproximation derived in [Haralick, 1996], describing

how to propagateapproximately additive random perturbations through an algorithm step.

Covariance propagation allows us to determine the covariance of � where � = G(X ) from

the covarianceof X . We assumethat G is a non-linear function that is approximately linear

in the vicinit y of the measuredvaluesof X . In this casethe covariancematrix of � is given

by J � J T , whereJ is the Jacobianmatrix of G evaluated at X .

A related problem is when G is not given explicitly. Instead, a function F ,

min
�

F (� ; X )

relates the vectors X and � and the vectors X + � X and � + ��. F has �nite �rst and

secondpartial derivativeswith respect to each component of X and � including all the second

partial derivatives. The basicproblem is thus: given X̂ = X + � X , determine �̂ = � + ��

that minimizesF (X̂ ; �̂) assumingthat � minimizesF (X ; �). Let

g(� ; X ) =
@F
@�

(� ; X ):

Since �̂ minimizes F (X̂ ; �̂ ) and � minimizes F (X ; �), both g(X̂ ; �̂) and g(X ; �) equal
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zero. By taking a Taylor seriesexpansionof g around (X ; �) we obtain a �rst order approxi-

mation:

�� = �
�

@g
@�

(� ; X )
� � 1 @g

@X
(� ; X )� X (3)

This relation states how the random perturbation � X on X propagatesto the random

perturbation �� on �. If E [� X ] = 0 then from Equation 3, E[��] = 0 to a �rst order

approximation. The covariancematrix of �̂ is then:

� �̂ = M � X̂ M T ; (4)

where

� X̂ = E[� X � X T ]; M =
�

@g
@�

� � 1 @g
@X

: (5)

We can apply the above theory to our calibration calculations. Recall that our inputs are

three setsof endpoints of imagestraight lines, in the three principal directions. Let X be the

set of accurateend points of the lines in one direction, X = (x1; y1; x2; y2; � � � ; xp; yp)T , and

let X̂ be the corresponding noisy set measuredin the image, X̂ = (x̂1; ŷ1; x̂2; ŷ2; � � � ; x̂p; ŷp)T .

The calibration algorithm �rst �nds the principal vanishing points. In this casethe function

F is the function from Equation 2, � = (u; v) is the accuratevanishingpoint and �̂ = (û; v̂) is

the estimatedvanishingpoint calculatedfrom the noisy inputs. We can calculate the matrix

M in Equation 5 from:

g =

 
F u

F v

!

@g
@�

=

 
Fuu Fuv

Fvu Fvv

!

(6)

@g
@X

=

 
Fux̂1 Fuŷ1 � � � Fuŷp

Fvx̂1 Fvŷ1 � � � Fvŷp

!

;

and useit to compute � �̂ vp using Equation 4.

The next stepsin the calibration processare calculationsof the various parametersusing

deterministic non-linear functions of the vanishingpoints. Theseare the intrinsic parameters

of the camera(i.e., the principal point and the focal length). In thesecasesthe covariance

matrices are obtained by:

� P̂ = J � �̂ J T ; (7)

where P̂ is the estimation of the required parameter and J is the Jacobian matrix of the

function evaluated at the correct vanishingpoints.

13



We can use the covariance matrix estimated for the vanishing points to estimate the

covariance matrix of the principal point and the covariance matrices of the scale factors

� 1; � 2, � 3 and f .

The next step in the calibration phaseis to �nd the location of the camerain the world

coordinate system. The elements of the projection matrix are functions of the principal

vanishing points and of the scalefactors. They also depend on a coupleof parametersgiven

by the user: the global scalefactor � 4 and the imagecoordinatesof the world origin (ox ; oy)T .

Using Equation 7 the covarianceof the estimatedlocation of the cameracan be calculatedas

well.

After computing the camera's intrinsic and extrinsic parameters we can calculate the

projection of points in 3D. The system computesthe world coordinates of a point marked

by the point in the image where a virtual object should be placed. Estimating the error of

the projection of the virtual object is more di�cult than the previousestimationsbecauseit

consistsof two phases. We �rst estimate the covariance matrices of the components of the

projection matrix as functions of the principal vanishing points, and then usethe recovered

covariancematrices to estimate the covariancematricesof the projected points to the image.

This is doneas follows:

u =
M 1T (X ; Y; Z; 1)T

M 3T (X ; Y; Z; 1)T
; v =

M 2T (X ; Y; Z; 1)T

M 3T (X ; Y; Z; 1)T
; (8)

where M 1T ; M 2T and M 3T are the �rst, secondand third rows of the projection matrix M

respectively, (X ; Y; Z; 1)T is the world coordinatesof a vertex of the virtual object and (u; v)T

is its imagecoordinates. Let M be the accurateprojection matrix and M̂ be the estimated

projection matrix. According to Equation 7 we can calculate the covarianceof the estimated

projection matrix as:

� M̂ = JM � �̂ vpJ T
M ; (9)

whereJM is the Jacobianmatrix of the projection matrix evaluated at the correct vanishing

points and � �̂ vp is the covariancematrix of the vanishing points. We can now calculate the

covarianceof the estimated imagecoordinate as:

� (û;v̂) = Juv � M̂ J T
uv ; (10)

whereJuv is the Jacobianmatrix of the imagecoordinatesevaluated at the correct projection

matrix.
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4.2 Mon te Carlo Estimation of Covariance

The Monte Carlo method estimatesthe covarianceby exhaustivesimulation [Hartley and Zisserman,2000].

It can be usedto validate the resultsof the analytical method. This method is alsopreferable

in caseswherethe �rst order approximation of the covarianceis not accurateenoughand thus

the analytical estimation may be incorrect. The goal is to statistically computethe covariance

matrices of the estimatedparameters,having noisy input.

Wecreateda synthetic 3D scenewhich wasrenderedfrom �v edi�erent view points creating

�v e di�erent images,as shown in Figure 4. The location of the camerabetweeneach pair of

the �rst three imagesis translated while the orientation of the cameraremainsthe same. In

the last three imagesthe orientation of the camerachangeswhile the location of the camera

remainsthe same.

Test1 Test2 Test3 Test4 Test5

Image

Rotation (-6.5,0,8.0) (-6.5,0,8.0) (-6.5,0,8.0) (-6.5,0,15.0) (-6.5,0,30.0)

Center (-200,-410,105) (-250,-430,105) (-300,-460,105) (-300,-460,105) (-300,-460,105)

Figure 4: The synthetic test images,the angles(� ) betweenviewingdirection and the principal

directions and the camera'scenter in the world (cm).

The inputs to each test are the following: 1) The intrinsic parametersof the camera. 2)

Three setsof end points of eight straight lines, each belongingto one set of parallel lines in

the world coordinate system: X, Y and Z. The end points are given as 3D points and are

projectedto the imageby the computedprojection matrix. 3) The location of the world origin

in the image. 4) One additional point in the imageand its 3D distancefrom the origin of the

world coordinate system. This information is usedfor calculating the global scalefactor. 5)

Eight 3D points that are usedas test points for checking the accuracyof the virtual object

registration. Thesepoints are translated to 2D imagepoints by the correct projection matrix

onceat the beginning of the test. Each point is accompaniedby information regarding the

plane the point lies on and its distance from the principal plane which is parallel to it. See

Figure 5.

First, the correct parametersare computed using the pure inputs. Afterward, random

noise is added to each end point of the input straight lines. The noise has a Gaussian

distribution with zeromeanand standard deviation values� = 0:2; 0:4; 0:6; 0:8; 1 (in pixels).
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Figure 5: Test1 imagewith the 8 test points marked on it.

We conducted1000experiments with each level of � .

For each set of noisy inputs we compute the principal vanishing points, the intrinsic

parametersof the camera,the projection matrix and the rotation and the translation of the

camera. We also calculate the virtual object registration in the image, by computing the

projection of 3D points onto the 2D image, using the computed projection matrix. In our

setup, the user marks a point in the imagewhere the virtual object should be placed. This

2D point is �rst transformed to a 3D point using the computed projection matrix, and the

virtual object is placedin that coordinate in 3D. The object's verticesare then projected to

the imageaccordingto the computedprojection matrix.

In our experiments we createda test virtual object with 18vertices,wherethe distancesof

theseverticesfrom the center of the virtual object are 30cm,60cmand 90cmin the directions

X , Y and Z in the world coordinate system. These18 test vectorsare projected to the image

using the computedprojection matrix.

We comparethe resulting parametersto the pure parametersand calculate the errors as

follows: 1) The distance between the correct vanishing points to the perturbed vanishing

points in pixels. 2) The distance from the pure principal point to the noisy principal point

in pixels in each axis, divided by the sizeof the image in each axis. 3) The relative error in

the estimated focal length. 4) In order to calculate the error in the rotation of the camera,

the computed rotation matrix is multiplied by the inverse of the correct rotation matrix.

The result is the rotation between the pure orientation of the camera and the perturbed

orientation of the camera. We compute the quaternion of this rotation matrix to get its

rotation angleand divide it by the �eld of view to get the relative error. 5) The error in the

position of the cameracenter in centimeters. 6) The error in the imageof the projected 3D
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points, represented by the distanceand the angle between the correct projected vector and

its corresponding noisy vector.

After performing 1000 simulations at a speci�c noise level we calculate the mean and

the standard deviation of each kind of error. The standard deviation is estimated as the

2=3 � 1000= 666 element in the sorted vector of a speci�c error (which is a robust estimate

for the standard deviation).

4.3 Error Estimation Results

In this sectionwe present the results of the analytical error estimation as well as the results

of the Monte Carlo error estimation, and comparethe two for the test imagesin Figure 4.

Table 1 shows the averageof the errors of the intrinsic and the extrinsic parametersof

the camerafor all the test imagescalculatedby the Monte Carlo error estimation method for

noiselevel of � = 1. Table 2 shows the standard deviation of the errors of the intrinsic and

the extrinsic parametersof the camerafor the test imagescalculatedby the Monte Carlo error

estimation method. In canbe seenthat the errorsare negligiblerelative to their standard de-

viations. Thus our assumptionof zeromean,madein the analytical method, is justi�ed. The

results for test4 and test5 are better than the others,due to the fact that in theseimagesthe

viewing direction of the camerahasa largeanglewith two of the principal directions. We con-

clude that the best cameraorientation is when the world three planesX Y, X Z and YZ form

an anglecloseto � =4 with the imageplane. In this casethe vanishingpoints are closerto the

imageand the accuracyof their localization in the imageincreases[Caprile and Torre, 1990].

Error in Test1 Test2 Test3 Test4 Test5

Focal length % of focal length 0.066 0.051 0.088 0.033 0.002

u0 % of X dim of image 0.016 0.023 -0.020 -0.002 0.034

v0 % of Y dim of image -0.007 -0.016 -0.006 -0.006 -0.011

Cameracenter X coord. in cm -0.596 -0.836 0.451 -1.502 -0.29

Cameracenter Y coord. in cm -0.233 0.085 1.281 -0.849 0.55

Cameracenter Z coord. in cm 0.465 0.391 0.619 0.447 0.547

Table 1: The averageerrors using the Monte Carlo error estimation method for noiselevel of

� = 1.

Figure 6 shows the resultsof the estimation of the errorsof the intrinsic parametersof the

cameraand the translation of the camerausing both methods. The graphs show that both

methods give similar results, justifying the assumptionmade in the analytical method, that
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Error in Test1 Test2 Test3 Test4 Test5

Focal length % of focal length 4.4306 4.1744 4.6565 2.4134 1.0077

u0 % of X dim of image 1.0195 1.0161 1.1205 1.0926 1.1864

v0 % of Y dim of image 1.365 1.2159 1.3124 0.721 0.5257

Rotation angle 0.4175 0.3937 0.4277 0.3839 0.3978

Cameracenter 19.084 18.801 22.521 12.498 6.5957

Table 2: The standard deviation of the errors for noiselevel � = 1.

the behavior is linear.

Figure 6: The standard deviation of the errors in test1 as a function of the input noiselevel.

Left: Monte Carlo. Right: analytical.

As described above, 8 points in the synthetic scenewere chosen(Figure 5) and the pro-

jection of 18 vectors originating at each test point were calculated. The anglebetweeneach

of the pure 18 vectors and the perturbed 18 vectors, is calculated. Table 3 summarizesthe

results. It shows that the anglesare very small, 0:072� on average,thus the perturbed vectors

and the pure vectorsare approximately in the samedirection in the image.

We alsocalculatedthe distancein pixels betweeneach of the pure 18 points (for each test

point) and the perturbed18points, divided by the length of the pureprojection of each vector.

We concludethat the distortion of the virtual objects projected to the imageis un-noticeable

to the viewer, being at most oneor two pixels for standard householditems.
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Test1 Test2 Test3 Test4 Test5

test point 1

(0,-110,50)

dist. from cam. [cm] 364.73 409.79 464.25 464.25 464.25

error in length % 0.282 0.306 0.358 0.368 0.480

error in angle[deg] 0.027 0.021 0.018 0.022 0.068

test point 2

(0,-20,100)

dist. from cam. [cm] 438.32 480.23 532.56 532.56 532.56

error in length % 0.275 0.290 0.329 0.356 0.508

error in angle[deg] 0.035 0.029 0.025 0.031 0.098

test point 3

(-20,0,180)

dist. from cam. [cm] 454.01 493.38 543.71 543.71 543.71

error in length % 1.652 1.565 1.739 1.079 0.861

error in angle[deg] 0.063 0.063 0.060 0.069 0.153

test point 4

(-300,0,10)

dist. from cam. [cm] 432.58 443.20 469.71 469.71 469.71

error in length % 3.877 3.680 4.149 2.264 1.296

error in angle[deg] 0.149 0.110 0.099 0.113 0.246

test point 5

(-20,-20,260)

dist. from cam. [cm] 456.65 495 544.08 544.08 544.08

error in length % 5.474 5.033 5.518 2.928 1.586

error in angle[deg] 0.092 0.072 0.070 0.063 0.133

test point 6

(-185,-20,0)

dist. from cam. [cm] 404.17 428.19 466.74 466.74 466.74

error in length % 2.299 2.091 2.227 1.261 0.774

error in angle[deg] 0.057 0.049 0.051 0.050 0.087

test point 7

(-100,-

120,210)

dist. from cam. [cm] 324.23 360.03 408.20 408.20 408.20

error in length % 0.249 0.232 0.248 0.233 0.270

error in angle[deg] 0.028 0.028 0.029 0.028 0.042

test point 8

(-180,-

210,210)

dist. from cam. [cm] 226.77 253.62 296.52 296.52 296.52

error in length % 0.255 0.245 0.259 0.242 0.260

error in angle[deg] 0.123 0.067 0.040 0.056 0.224

Table 3: The standard deviation of the errors of the projected test vectors for imageswith

noisewith � = 1(pixel). The �rst row is the distance of the point from the camera. The

secondrow is the averagestandard deviation of the errors in the lengths of the projected

vectors, relative to their lengths. The third row is the averagestandard deviation of the

errors in the anglesbetweenthe projected and the pure vectors.
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In conclusion,the error results obtained by both methods are similar except for the es-

timation of the covariancematrices of the projection of the 3D points, wherethe di�erences

between the estimates is about 50%� 65%. This is due to the �rst order approximation

madeby the analytical method. Theseestimateshave proven that a systembuilt using our

approach will yield su�cien tly accurateresults.

5 Implemen tation and Results

We built an interactive system that lets usersaugment a single indoor image with virtual

objects. The systemis implemented on a PC with the Windows NT operating system,using

OpenGL. The test imageswere taken by a Canon Powershot S100digital camera.

The line classi�cation algorithm described in Section3 is �rst applied to the image and

createsfour setsof lines: X lines, Y lines, Z lines and non-alignedlines. From the �rst three

setsthe vanishingpoints are estimated.

In order to calculate the extrinsic parametersof the camera,the userneedsto supply the

systemwith two inputs: the location of the origin of the world in the imageand a real-world

distance(in cm) betweentwo points in the image. For example,in Figure 7 the cyan dot is

the world origin and the length of the cyan line in the world is given by the user.

Figure 7: The user interactively speci�es the cyan dot and the cyan line and its length in the

world.

To insert a virtual object into the image, the user needsto specify its desired location

on the imagewith a mouseclick, and then set the distanceof the plane on which the object

should be placed from the principal plane parallel to it. After placing the object, the user

can rotate it around its local rotation axis. Note that for a plane in a generalposition, the
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userhas to spcify its 3D parameters.

Next, as described in Section 2, the system computes�v e transformation matrices and

appliesthem to the object as follows:

Proj ectedObject �= [K ][R][T][GR][LR ](V ir tual Object):

[K] is the camera'sintrinsic parametersmatrix. [R] is the camera'srotation matrix. [T] is

the translation of the virtual object to its location in the world coordinate systemrelatively

to the location of the camera. [GR] is the global rotation matrix; it is computedaccordingto

the surfacewhich the virtual object touches. Finally, [LR] is the local rotation matrix which

rotates the virtual object in its local coordinate system.

We implemented a semi-automaticcapability in the systemthat dealswith occlusionsof

virtual objects by real objects. Intel ligent scissorsare used to let the user de�ne blobsin

the image. Each blob represents a closedarea in the image. Speci�cally, we de�ne three

typesof blobs. A plane blobsincludespixels which belongto a plane in the world. A general

blobde�nes any closedarea. Both typesof blobs can occludevirtual objects. Finally, a back

blob is a region in the image which is placed behind all objects, both virtual and real, thus

cannot occludeobjects (e.g.,walls). The usercan interactively reorderblobsby pushingthem

backward or popping them forward. In Figure 8, the userplaceda toy train in the living room.

Without dealingwith occlusionthe toy seemsto be 
oating in the air asshown in Figure 8(a).

By popping the foot-stool blob forward, the train is positioned correctly (Figure 8(b)).

(a) (b)

Figure 8: (a) A toy train is placedin the sceneincorrectly occluding the foot-stool. (b) The

foot-stool blob is popped forward yielding a correct result.

Figure 9 reinforcesthe conclusionsdrawn in Section 4.3 regarding the accuracy of the

registration. We created a rectangular virtual object and inserted it into a real image in a
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coupleof locations. Its height is equal to the height of the white area it is placedon. It can

be seenthat the virtual objects have accurateheights and correct orientations.

Figure 9: Two rectangular objects are placedaccurately in the image.

Figures 11{12 illustrate someresults obtained by our system. The imagesshow three

di�erent rooms and they were taken from di�erent viewpoints. Each image is augmented

with several virtual objects, somehanging from the ceiling, others are placedon the 
o or or

on the table, and someare hangedon the walls, hencedemonstrating the useof the system

on various planes.

6 Conclusion

This paper has addressedthe problem of camera calibration recovery and virtual object

registration given a singleimageof an indoor architectural scene.Our approach hasexploited

the orthogonality and the parallelismwhich areprevalent in such scenes.The method is based

on �nding the principal vanishing points and using them to construct the projection matrix,

which encapsulatesboth the intrinsic and the extrinsic parametersof the camera.With these

parameters,we can construct a virtual camerawhich has the sameparametersas the real

camera. The virtual cameralets us augment the image by overlaying virtual objects upon

the real imagein the correct position and orientation.

A major contribution of this paper is the error analysis of the camera calibration and

the object registration method. We have described an analytical method for computing the

covariancematrices of the camera'sparametersand of the virtual object registration in the

real image. We have alsodescribed a Monte Carlo estimation of the samecovariancematrices

and compared them to the covariance matrices computed by the analytical method. The
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Figure 10: An augmented family room: the wine glasses,vases,candleholders,letter holder,

and the shoe are all arti�cial. Note that the two vaseshave di�erent sizesdue to perspective.
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Figure 11: An augmented study: The letter holder, the phone(both hungon the wall, partially

occludedby the computer), the greenbook, the tea cups, the wine glass,the bottle, the toy

train and the vase,are all arti�cial.
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Figure 12: An augmented living room (excusethe virtual mess): A shoe and a toy train are

placedon the 
o or, both partially occluded. All the objects on the table are arti�cial aswell.
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analytical method is preferablein estimating the covariancematricesof the cameraparameters

becauseit is morecomputationally e�cien t. The Monte Carlo method, however, is preferable

in estimating the covariance matrices of the object registration errors, becauseit is more

accurate.

We have shown that the standard deviationsof the errorsof the intrinsic and the extrinsic

parametersof the cameraare low enoughto be useful for augmenting a single image with

virtual objects. We have alsoshown that the distortion of virtual objects is un-noticeableto

the viewer. Finally, we have developed a systemthat implements cameracalibration recovery

and object registration, while requiring minimal information from the end-user. Placing

virtual objects in the sceneis donewithout constructing a full three-dimensionalmodel of the

real scene.

Future work includes searching for methods for calibrating imageswith less than three

principal vanishing points, and integration of our systemwith known methods for handling

occlusion, lighting and shading. In addition, the only time-consumingtask is line detection

and classi�cation. Thus, to make the systemrun in real-time, the only changenecessaryis to

track the lines rather than �nding them independently at every frame.
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